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Abstract 

The competitive binding of monovalent and divalent counterions (M+ and Mzc, respectively) has been studied 
by a conductometric procedure as described by De Jong et al. (BiophysicaI Chemistry 27 (1987) 173) for 
aqueous solutions of alkali metal polymethacrylates in the presence of Ca(NO,), or Mg(NO,),. The 
experimentally obtained fractions of conductometrically free counterions are compared with theoretica values 
computed according to a new thermodynamic model recently developed by Paoletti et al. (Biophysical 
Chemistry, 41 (1991) 73). For the systems studied, the fractions of free monovalent and divalent counterions 
can be fairly well described by the theory. In fact, the results support the assumption that under the present 
conditions the conductometrically obtained distribution parameters fl and f2 approximate the equilibrium 
fractions of free monovalent and divalent counterions. For a degree of neutralization of 0.8 and a molar 
concentration ratio of divalent counterions and charged groups on the polyion up to 0.25, the mean MC/M’+ 
exchange ratio or has been found to be 1.39 k 0.03 and 1.33 + 0.03 for the alkali metal/Ca/PMA and alkali 
metal/Mg/PMA systems, respectively. These values agree well with the theoretical value, which for this 
particular case is 1.38. 
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1. Introduction 
Correspondence to: Dr. M.A.G.T. van den Hoop, Depart- 
ment of Physical and Colloid Chemistry, Wageningen Agricul- 
tural University, Dreijenplein 6, 6703 HB Wageningen 
(Netherlands). 
* On leave of absence from: Escuela de Fisica, Universidad 

National de San Luis, 5700 San Luis, Argentina. 

The competitive binding of monovalent and 
divalent counterions in polyelectrolytic systems 
has been the subject of many theoretical and 
experimental studies [l-81. Manning [31 has de- 
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scribed condensation phenomena in solutions of 
linear polyelectrolytes; systems with counterions 
of different valencies are considered in what is 
called the two-variable theory. Since then, many 
workers, including Manning himself [4], have re- 
ported various expressions to describe quantita- 
tively condensation phenomena. Recently, Pao- 
letti et al. [2] have developed an extension of the 
counterion condensation theory of linear poly- 
electrolytes for the case of a system containing a 
mixture of counterions of different valency. The 
main element of their model is that the relative 
amounts of the condensed counterions of differ- 
ent types, for example monovalent and divalent 
ones, are accurately accounted for in the pertain- 
ing entropy-of-mixing terms. 

Recently, De Jong et al. [l] described a proce- 
dure for the analysis of the conductivity of solu- 
tions of anionic polyelectrolytes in which both 
monovalent and divalent counterions are present. 
They used a combination of the Eisenberg proce- 
dure together with the conductivity excess func- 
tion for analyzing the conductivity of &/alkali 
metal polyacrylate systems and found that con- 
ductometry indeed allows the computation of 
bound fractions of both the monovalent and diva- 
lent counterions. 

The aim of the present work is to extend the 
study by De Jong et al. [l] and to compare the 
competitive behavior of monovalent and divalent 
counterions in polyelectroIyte solutions as ob- 
tained by conductometry with values computed 
with the model proposed by Paoletti et al. [2]. 
Alkali metal polymethacrylate solutions with a 
degree of neutralization of 0.8 have been titrated 
with Ca(NO,), or Mg(NO,),, respectively, in the 
absence of any additional simpIe salt, From the 
conductometric titration data obtained, fractions 
of free monovalent and divalent counterions have 
been calculated. The changes of these fractions in 
the course of the titration give information about 
the M+/M2’ exchange ratio. The fractions free 
monovalent and divalent counterions as well as 
the exchange ratio have been compared with the 
theoretical values as computed with the model 
proposed by Paoletti et al. [2]. 

2. Theory 

2.1 Conductivity of mixed-valency counterion-poly- 
eIectrolyfe solutions 

For the interpretation of conductometric titra- 
tion of an aqueous polyelectrolyte solution (with 
a monovalent counterion) with a solution of a 
divalent metal salt in systems without any addi- 
tional salt, we follow the procedure previously 
described by De Jong et al. [l]. In short, the 
procedure includes the following basic equations 
and assumptions. 

According to the two-state approximation 191, 
the specific conductivity of a polyelectrolyte solu- 
tion, which consists of negatively charged polyions 
together with monovalent and divalent counteri- 
ons and monovalent co-ions, may in general be 
written as: 

K=f,Q, +fdA +f,+, + A*c, (1) 

where cr, c2 and cA denote the analytical molar 
concentrations of monovalent and divalent coun- 
terions and co-ions, respectively; cp is the molar 
volume concentration of deprotonated groups on 
the polyion (which equals the degree of dissocia- 
tion (Y times the anaIytica1 concentration of total 
amount of groups c,); hi denotes the molar con- 
ductivity of ion type i; and f, is the fractional 
distribution parameter of i [9]. 

In the two-state approximation, we simphfy 
the real situation by disregarding the gradual 
change from fully free polyionic groups and coun- 
terions on one hand to a perfect associate, i.e., a 
state of complete annihilation of charges, on the 
other. However, the two-state approximation has 
been shown to be operationally helpful and very 
effective in many practical situations. Considering 
the experimental evidence from independent 
sources [lo], it seems not unreasonable to assume 
that the evaluated distribution parameters fi and 
f2 come close to the equilibrium fractions of free 
monovalent and divalent counterions. 

In the case of pureIy electrostatic (i.e. non- 
specific) interactions, f, and A, values can be 
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determined from Eisenberg plots [ll], i.e., plots 
of the molar conductivity A [equal to K/(cp + c,)] 
versus hO,, the molar conductivity of different 
monovalent counterions in pure solvent. For dif- 
ferent metal/polyelectrolyte systems, these plots 
have been found to be linear [1,11,12]. 

Values of fi can be calculated from the con- 
ductivity excess function AK, defined by the dif- 
ference between the specific conductivity of a 
mixed metal/polyelectrolyte system and the sum 
of the conductivities of the metal salt solution 
and the polyelectrolyte solution before mixing. 
For the case of adding MetNO,), to an alkali 
metal polycarboxylate solution we have: 

AK= (fl,” -fd(4 ++I 

+P -f2)(&+2~p)% (2) 
where fl,o is the fraction of conductometrically 
free monovalent counterions in the polyelec- 
trolyte solution without added 2: 1 salt. The first 
term in eq. (2) is due to the liberation of monova- 
lent ions and the second one represents the ef- 
fects of binding divalent ions. 

2.2 7IzeoreticaE model of ionic distribution in 
mixed-valency counterions systems 

For the calculation of the fractions of free 
monovalent and divaIent cations, we use the 
model recently proposed by Paoletti et al. [2], 
which basically follows the so-called “chemical 
model” of counterion-condensation (CC) of lin- 
ear polyelectrolytes as firstly developed by Man- 
ning [13]. As usual, in this approach, the linear 
polyelectrolyte chain is idealized by a linear uni- 
form array of charges, supposed to be of infinite 
length to neglect end effects. The average dis- 
tance between the projections of the charges onto 
the polymer axis is b. The charge density parame- 
ter 5 is defined as 5 = Z,/b with I, being the 
Bjerrum length. The total reduced molar (rm) 
excess free energy of polyelectrolytic nature, gio”, 
is factorized into two main contributions: 
(i) a purely electrostatic term, gel, and (ii) a rm- 
free energy of mixing of the non-polyionic species, 

mix g * 

g 
ion = gel + gmix 

(3) 

An expression for gel is given by the CC theory: 

gel= -{(s,~)* In(l-e-“b) (4) 

where qeff is the net, “effective” normalized 
charge on each ionized site on the polyelectrolyte 
and K is the reciprocal Debye length. The total 
fraction of condensed monovalent and divalent 
counterions, r, is given by: 

r=r, +5=2-f, -f* (5) 

with rl = TX~ and r2 = TX~. 
xi is the mol fraction in the condensation voIume 
according: 

r1 1 -f1 x z-z I Tl +rz 2 -f1 -f* (6) 

and 

x*= 1 -X, (7) 

In this case the effective charge is given by: 

4 ,,=l-r(xl+2(1-x,))=l-r(2-xl) (8) 

For g”‘” the following (entropic) contributions of 
the different non-poIyionic species to the change 
of the free energy of mixing are considered: 

g mix = ( gJCo”d + (gJond + (g$= + (g*)fr= 

+g coions + gwlv (9) 

which are given by: 

(gJco”d=~l +W(l+4)l/,c,) (10) 

( g2)cond = m2 ln(m,/R,V,c,) (11) 

(gl)“““=(l tR, -KX~) In((1 tR, -al) 

/(I t RN - I/,%)) (12) 

(dfree= (R,-4 

xl+, - d/&(1 - Qp,) (13) 

gcoions = (R, + 2R,) ln( l/( 1 - V,cp)) (14) 

g SDIV =r (15) 
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where R, and R, stand for the analytical concen- 
trations of the (added) 1: 1 and 2: 1 salt, divided 
by cp. Thus, (1 + R,) is the amount ratio between 
monovalent counterions and charged groups on 
the polymer. The molar condensation volume, V,, 
is expressed in liters per mole of fixed charge. 

The system is characterized by the usual vari- 
ables (temperature, pressure, macroscopic con- 
centration of solutes), and in addition by the two 
independent variables r and X, and by VP. For 
the determination of r, x and VP it was found 
convenient to resort to the free energy minimiza- 
tion procedure similar to the original treatment 
of Manning [13]. 
have been defined 

ag’O”/ar = 0 

and 

agio”/ax = 0 

The minimization conditions 
as: 

(16) 

(17) 

Equation (16) implies that the following condi- 
tion is necessary to retain stability for all r and x 
in the limit cp + 0: 

(18) 

It can be easily verified that eq. (18) reduces to 
the well-known limiting conditions for the two 
extreme cases of purely monovalent (X = 1) and 
purely divalent counterion (x = 0) [41. Regarding 
the two variables r and x, the sysiem at equilib- 
rium is fully determined by the simultaneous so- 
lution of eqs. (17) and (18). 

3. Experimental 

Poly(methacrylic acid) (PMA, with an average 
relative molecular mass of 26000) was obtained 
from BDH and used without pretreatment. All 
chemicals used were of analytical-reagent grade. 
All samples were prepared using demineralized 
tap water, produced by a Millipore Super-Q re- 
verse osmosis system. After removing CO,, the 
conductivity of this water vever exceeded 0.6 ,I.& 
cm-‘. The equipment has been described else- 
where [l]. 

Solutions of alkali metal polymethacrylates 
were prepared by neutralizing the poIyacid with 
the appropriate hydroxide solution to a degree of 
neutralization of 0.8. For such high values, the 
difference between the degree of neutralization 
and that of dissociation is negligible. Aliquots of 
50 ~1 of 0.05 M Ca(NO,), or Mg(NO,), solution 
were added to 50 ml of the sample solution. Prior 
to measurements, the samples were stirred and 
kept in a constant-temperature vesseI for 60 min 
to achieve thermal equilibrium, while purging with 
CO,-free, water-saturated nitrogen. All experi- 
ments were done in duplicate at 25.00 + 0.02”C. 

4. Results and discussion 

Figures l(a) and l(b) show the conductivity 
excess for the three alkali metal polymethacrylate 
solutions as a function of the concentration of 
Ca2+ and Mg2+, respectively, with [PMA] = 2.5 
mA4 and a degree of neutralization of 0.8. Under 
these conditions, the contributions of H+ and 
OH- can be ignored because their concentra- 
tions are sufficiently negligible with respect to the 
other charged species. 

From Eisenberg plots, which were found to be 
linear for both the Ca/PMA and Mg/PMA sys- 
tems at all metal concentrations, the correspond- 
ing fi and h, values have been calculated. The 
observed linearity illustrates the non-specific na- 
ture of the interaction between alkali metal ions 
and the polymethacrylate anion, also in their 
competition with both Ca2+ and Mg2+ for bind- 
ing by the polyion. This is in agreement with 
various earlier observations. For example, Rin- 
audo and Milas [15] have found that the binding 
of Ca2+ to carboxymethylcellulose appeared to 
be pureIy electrostatic. As discussed before by De 
Jong et al. [I], accurate values of fl,o and A, are 
obtained by extrapolation of fl to zero R, (Figs. 
2a and 2b). For the Ca/PMA and Mg/PMA 
systems, fi,O values were found to be 0.498 + 
0.007 and 0.494 f 0.004, respectively. h, values of 
46.0 + 1.4 and 48.9 + 0.8 S cm2 mol-’ were ob- 
tained for the two independent samples. From 
the obtained values of fl and fl,*, together with 
the value of A, for the blank polyelectrolyte 
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Fig. 1. Conductivity excess curves of three alkali metal poly- 
methacrylate solutions for various concentrations of Ca’+ (a) 

and Mg2 + (b); [PMA] = 2.5 m M; LY = 0.8. 

solution [l], the fractions of free divalent counter- 
ions can be caIculated from the conductivity ex- 
cess. This can easily be done with eq. (21, with an 
apparently constant h, [1] over the considered 
titration range. Note that the calculated fi val- 
ues are average values for the three alkali metal 
polymethacrylate solutions. 

In Figs. 2(a) and 2(b), the resuhing fl and fi 
values are plotted as a function of the ratio R, 

for the Ca/PMA and the Mg/PMA systems, 
respectively. For the PMA polyion, the results 
obtained with Ca system agree with those of Mg 
within the limits of experimental error. Satoh et 
al. [5] have studied the activity coefficients as a 
function of the divalent cation concentration for 
sodium poly(styrenesulfonate)/MgCl, or CaCl, 
and sodium poly(L-glutamate)/Mg& or CaCl, 
for the salt free case. They have also observed the 
similarity of behavior of the two earth alkali 
metal cations. 

The theoretical fl and f2 values are pre- 
sented as solid curves in Figs. 2(a) and 2(b). They 

have been calcuIated for cp = 2 mM and 5 = 2.29 
[12]. For both systems the theoretical data agree 
fairly well with the experimental ones. The theo- 
retical f,,. value is fiied by the limiting-law con- 
dition in eq. (18). According to eq. (18), only the 
charge density parameter ( can account for the 
observed difference. The difference could be at- 
tributed to some uncertainties with respect to (i) 
the real charge distribution along the polyelec- 
trolyte chain, (ii) the analytical error in cr, and 
(iii) the value of .!j as taken from the literature 
[12]. Use of a somewhat smaller value of 6 in the 
computation, certainly leads to an increased qual- 
ity of the fit. Figures 2(a) and 2(b) show that a 
better agreement is obtained between experimen- 
tal and theoretical fl values for 5 = 2.0 (see 
dashed curves). For this 5 value, however, the 
model overestimates the fractions of free divalent 
counterions for higher values of R,. It has to be 
mentioned that both the interpretation of the 
experiments and the model rely on the simplifica- 

0.2 - 

1 I- ‘ 

Fig. 2. Experimental (symbols) and theoretical values (solid 
curves, 8 = 2.29; dashed curves, < = 2.0; dotted curves, com- 
plete charge compensation model) of fi and f2 as a function 
of the ratio R, for the Ca/PMA (a) and Mg/PMA (b) 
systems; [PMA] = 2.5 mM; IY = 0.8. Further explanation in the 

text. 
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tion of the two phase model. Some unexpected 
aspects of the competition between divalent and 
monovalent counterions could arise from this 
oversimplification. 

In Figs. 2(a) and 2(b), the dotted curves repre- 
sent the behavior of the fractions of free monova- 
lent and divalent counterions in the case of com- 
plete charge compensation, as would be pre- 
dicted for the salt-free case by Manning’s 
counterion condensation theory [3], for 5 = 2.0. 
The salt concentration of the initially salt-free 
M+/PMA solution increases along the titration 
and affects, therefore, the theoretical pattern of 
complete charge compensation as plotted in Figs. 
2(a) and 2(b). Our analysis, however, refers to the 
initial section of the titration curves and the 
resulting f values hold for the limit c,,~ --) 0. For 
this limit Manning has shown that the binding of 
divalent ions approaches the salt-free case of 
complete charge compensation [3]. 

The increase of f, with increasing R, is due 
to the exchange of condensed monovalent ions 
for divalent ions. In the initial part up to R, = 

Fig. 3. Experimental (symbols) and theoretical values (solid 
lines, [ = 2.29) of O,, @I2 and OS,,,, as a function of the ratio 
R, for the Ca/PMA (a) and Mg/PMA (b) systems; [PMA] = 

2.5 mlW; a = 0.X. 

0.25, the liberation of monovalent cations is pro- 
portional to the increase of added M*+, whereas 
the added divalent ions are practically quantita- 
tively bound (cf. the prediction according to the 
case of complete charge compensation, i.e. dotted 
curves in Figs. 2a and 2b). This is readily shown 
by considering the charge fractions of bound 
monovalent and divalent counterions per depro- 
tonated monomer 

oi = Zi( 1 -fJcJc, (19) 

In Figs. 3(a) and 3(b), O,, 0, and O,,,C = 0, + 
OJ are plotted as a function of R, for the 
Ca/PMA and the Mg/PMA systems, respec- 
tively. Taking into account a typical experimental 
error of 0.04, both figures show that under these 
conditions practically all added divalent cations 
are quantitatively bound in the range 0 I R, I 
0.25. For the Zn/PAA system, similar results 
have been obtained under comparable conditions 
ill. 

Assuming a constant h,, the M+/M2+ ex- 
change ratio v is easily computed using 

A[Ul,O -f,)cJ A.& 
v1,2 = - 

A[@ -fJcz] = A[(l-f,)c,] (20) 

Up to R, = 0.25, Figs. 2(a) and 2(b) show that the 
release of monovalent counterions is linear upon 
addition of divalent counterions for both systems 
(with statistics for the Mg/PMA system: n = 10, 
R2 = 0.998, slope = 1.25 f 0.021. Using eq. (20), a 
mean exchange ratio v has been calculated for 
the range 0 <R, s 0.25, taking for (1 -f,) an 
average value of 0.94 & 0.01 for the Mg/PMA 
system. Using the same procedure for the 
Ca/PMA system, the mean exchange ratios vlCa 
and vrMg were found to be 1.39 t_ 0.03 and 1.33 
f 0.03, respectively, for the range 0 I R, 5 0.25. 
Using t = 2.29, the mean exchange ratio V~ 2 cal- 
culated from the theory is 1.38, which is in re- 
markable agreement with the experimental data. 
For the PAANa/Mg’+ and Ca*+ with LY = 1, 
Satoh et al. [8] have estimated exchange ratios in 
the range 1.5-1.8 from activity coefficient data in 
the same R, range. These results seem to con- 
firm that at lower charge densities a divalent 
counterion replaces less monovalent counterions 
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than for higher charge densities. A similar result ions. Apparently, non-equilibrium effects are 
has been found for DNA [16]. small. 

Furthermore, these experimental results show 
that in different regimes of charge density values 
and counterion concentrations, both monovalent 
and divalent counterions are always condensed 
(provided that 5 > 5,,il, see ref. [23 for further 
discussion). This feature is not considered in the 
model of ref. [41. The point can be further consid- 
ered by calculating the net effective charge den- 
sity 

It may be noted that the small disagreement 
between experimental data and theoretical calcu- 
lations (f,,J might be attributed to other phe- 
nomena, like polyelectrolyte flexibility and spe- 
cific affinity for certain counterions, which have 
not been included in the present model. Further 
work along these lines is in progress. 

LX, = L(I - 01 - %> (21) 

Due to the release of monovalent counterions 
and the binding of divalent counterions in a ratio 
less than 2 : 1, the net effective charge density will 
decrease upon addition of divalent ions. Accord- 
ing to the limiting law conditions, this will con- 
tinue until the asymptotic value of one half is 
reached [13]. This work reveals that some con- 
densation of monovaIent counterions stiI1 occurs 
in the range of R, up to 0.25, i.e. under condi- 
tions where lnet is below unity. 
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